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Problem A.16

Show that similarity preserves matrix multiplication (that is, if AeBe = Ce, then AfBf = Cf ).
Similarity does not, in general, preserve symmetry, reality, or hermiticity; show, however, that if S
is unitary, and He is hermitian, then Hf is hermitian. Show that S carries an orthonormal basis
into another orthonormal basis if and only if it is unitary.

Solution

Let there be an old orthonormal basis 〈ei | ej〉 = δij and a new orthonormal basis 〈fi | fj〉 = δij .
Suppose that in this old basis two matrices multiply to give AeBe = Ce. In the new basis the
corresponding matrices multiply to give

AfBf = (SAeS−1)(SBeS−1)

= SAe(S−1S)BeS−1

= SAe(I)BeS−1

= SAeBeS−1

= S(AeBe)S−1

= SCeS−1

= Cf .

Therefore, similarity preserves matrix multiplication. Suppose now that S is unitary, S−1 = S†,
and that He is hermitian, (He)† = He. In the new basis the hermitian matrix is

Hf = SHeS−1.

Take the hermitian conjugate of both sides.

(Hf )† = (SHeS−1)†

= [S(HeS−1)]†

= (HeS−1)†S†

= (S−1)†(He)†S†

= (S†)†(He)†S†

= SHeS−1

= Hf

Therefore, Hf is hermitian.
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With respect to an orthonormal basis, the inner product of two vectors is 〈α |β〉 = a†b. The inner
product with respect to the new basis is

〈α |β〉f = (af )†bf

= (Sae)†(Sbe)

= (ae)†S†(Sbe)

= (ae)†(S†S)be

?
= (ae)†(S−1S)be

= (ae)†(I)be

= (ae)†be

= 〈α |β〉e.

The inner products with respect to the new and old bases are equal if and only if S−1 = S†.
Therefore, S carries an orthonormal basis into another orthonormal basis if and only if it is
unitary.
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